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After completing this unit, you should be able to: 

������������   identify regions of inequality graphs. 

������������   create real life examples of linear programming problems using  

                  inequalities and solve them. 
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INTRODUCTION 

Many real life problems involve finding the optimum (maximum or minimum) value of a 

function under certain conditions. In particular, linear programming is a field of 

mathematics that deals with the problem of finding the maximum or minimum value of a 

given linear function, known as the objective function, subject to certain conditions 

expressed as linear inequalities known as constraints. The objective function may be 

profit, cost, production capacity or any other measure of effectiveness, which is to be 

obtained in the best possible or optimal manner. The constraints may be imposed by 

different resource limitations such as market demand, labour time, production capacity, 

etc.  

�    HHH III SSS TTTOOORRR III CCCAAA LLL    NNNOOO TTT EEE  

Leonid Vitalevich Kantorovich (1912-1986) 

A Soviet Mathematician, and Economist, received his doctorate in 

1930 at the age of eighteen. One of his most fundamental works 

on economics was The Best Use of Economic Resources (1959). 

Kantorovich pioneered the technique of linear programming as a 

tool of economic planning, having developed a linear 

programming model in 1939. He was a joint winner of the 1975 

Nobel Prize for economics for his work on the optimal allocation 

of scarce resources.    

�    OOO PPPEEENNN III NNNGGG    PPP RRROOOBBB LLL EEEMMM  

A man wants to fence a plot of land in the shape of a triangle whose vertices are at the 

points A (4, 1), B (2, 5) and C (–1, 0). 

i    identify this region in the xy-plane; 

ii find the equation of the lines that pass through the sides of this region; 

iii express the region bounded by the fences using in equalities.  
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10.1    REVISION ON LINEAR GRAPHS 

Given a non horizontal line ℓ on the xy-coordinate plane, it intersects with the x-axis at 

exactly one point. The angle α measured from the x-axis to ℓ  in the counter clockwise 

direction is called the inclination of the line (0 ≤ α < 180o). 

In order to determine the equation of ℓ, we pick two points P(x1, y1) and Q(x2, y2) on 

ℓ as shown in Figure 10.1. Then we define the slope m of ℓ by  

 2 1
1 2

2 1

rise
 ,  for 

run

y y
m x x

x x

−
= = ≠

−
. 

Since tan α= 2 1

2 1

Opposite side
 ,  we have = tan

Adjacent side

y y
m

x x

−
= α

−
      

 

Figure 10.1 

Example 1 The slope of a line ℓ passing through the points P (3, –2) and 

Q (–1, 3) is given by m = 
3 ( 2) 5

.
1 3 4

2 1

2 1

y y
 =  = 

x x

− − −
−

− − −
 

Two non-vertical lines ℓ1 and ℓ2 with slopes m1 and m2, respectively, are parallel if and 

only if they have the same slope; i.e, m1 = m2. 

AACCTTIIVVIITTYY  1100..11  

a  Find the value of k so that the line passing through the points  

  P (1, –2) and Q (k, 3) has slope 5.  

b Verify that the line ℓ1 through the points A (1, 1) and B (–2, 3) is parallel to the 

line ℓ2 through the points C (3, 2) and D (–3, 6). 

α 

y 

x 

α 

P (x1, y1) 
R (x2, y1) 

Q (x2, y2) 

ℓ 
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2y = x – 2 

2y = x – 6 

 

y 

x 

An equation of a line ℓ is an equation in two variables x and y such that a point P (x, y) 

is on ℓ if and only if x and y satisfy the equation. 

Recall that if a line ℓ has slope m and passes through a point P (x1, y1), then the point- 

slope form of equation of ℓ is given by  

  y – y1 = m (x – x1) 

If the line passes through (0, 0), its equation is y = mx 

Example 2 The equation of the line passing through P (–2, 3) with slope m = 2 is 

given by y – 3 = 2(x – (–2)) = 2(x + 2) = 2x + 4 or y = 2x + 7. 

If the y-intercept of a line with slope m is (0, b), then its equation in the slope-intercept 
form is  

y = mx + b 

Example 3 The equation of a line ℓ with slope 
1

2
 and y-intercept –3 is given by 

   y = 
1

3
2

x −     or  2y = x – 6  

To sketch the graph of this line in the xy-plane, we need to plot two points. One of 

these is the y-intercept (0, –3).  To get a second point, take x = 2. Then y = –2, so 

that the point (2, –2) is on the line.   

Using these two points, the line ℓ can 

be drawn as shown in Figure 10.2. If a 

line ℓ has the same slope 
1

2
 (i.e., ℓ1 is 

parallel to ℓ) and has y-intercept –1, its 

equation is y = 
1

1
2

x −

 
or 2y = x – 2. 

Its graph is shown in Figure 10.2. 

   Any equation of a line can be reduced to                        Figure 10.2                                   

          the form ax + by = c where a, b, c ∈ ℝ with                   
          a ≠ 0 or b ≠ 0. 

Example 4 If a line ℓ passes through P (1, –3) and Q (2, 2), then its slope is 

   m =  
2 + 3

 = 5
2 –1

 

Its equation in slope-intercept form is  

  y – 2 = 5(x – 2) = 5x – 10    or y = 5x – 8 (slope 5, y-intercept (0, –8))  
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This can be written in the form 5x – y = 8, with a = 5, b = –1 and c = 8. 

�Note: 

1 An equation of a vertical line passing through the point (h, k) is given by x = h.     

A vertical line has no slope. 

2  An equation of a horizontal line passing through the point (h, k) is given by y = k. 

A horizontal line has zero slope. 

3  Two lines are perpendicular, if and only if their slopes are negative reciprocals of 

each other. That is, if ℓ 1 has slope m1 and ℓ 2 has slope m2, then ℓ 1 is 

perpendicular ℓ 2, if and only if m1 m2 = –1. 

Exercise 1Exercise 1Exercise 1Exercise 10000....1111        

1 Determine the equation of the line  

 a    that has slope 4 and passes through P (–1, 3). 

 b  that passes through the points P (1, 2) and Q (–4, 1). 

 c   whose slope is –2 with  y-intercept (0, 5). 

2 Determine the value of k so that the line with equation 4x + ky = 8 is parallel to 

the line with equation x + 2y = 0. 

3 Draw the graphs of the following lines using the same coordinate axes. 

 a y = 2x – 1   b y = 2x + 3  c 3x – 2y = 4  

10.2  GRAPHICAL SOLUTIONS OF SYSTEMS OF 

LINEAR INEQUALITIES 

In this section, you use graphs to determine the solution set of a system of linear 

inequalities in two variables.  

Every line ℓ: ax + by = c in the plane divides the plane into two regions, one on each 

side of the line.  Each of these regions is called a half plane. A vertical line ℓ: x = a 

divides the plane into left and right half planes. A point (x, y) is to the left of the line    

x= a, if and only if, x < a. Hence the graph of the inequality x < a is the half plane lying 

to the left of the line x = a.  Similarly, the graph of the inequality x > a is the half plane 

lying to the right of the line x = a.  
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Example 1  Let ℓ be the vertical line x = 2. 

   
a                                           b 

Figure 10.3 

Observe that in a the left half plane x ≤ 2 contains the points on the line x = 2 and hence 

the line is a bold (unbroken) line; whereas in b the right half plane x > 2 does not 

include the points on the line x = 2 (broken line).   

A non-vertical line divides the plane into two regions which can be called upper and 

lower half planes. 

Example 2 Consider the graph of the linear equation 2x – y = 3 and the related linear 

inequalities 2x – y ≥ 3 and 2x – y < 3. First graph the line 2x – y = 3 by 

plotting two points on the line. To identify which half plane belongs to 

which inequality, test a point that does not lie on the line (usually the origin). 

    

i                                    ii                                    iii 

Figure 10.4 

Test (0, 0); 2(0) – 0 = 0 < 3 

Observe the broken line for 2x – y < 3 and solid line for 2x – y ≥ 3. 

x 

y 

2 3 4 

1 

2 

3 

4 

−1 −2 −3 −4 
−1 

−2 

−3 

5 

5  1 

Left half 

plane 

x = 2 x ≤ 2 

x 

y 

2 3 4 

1 

2 

3 

4 

−1 −2 −3 −4 
−1 

−2 

−3 

5 

5  1 

Right half 

plane 

x = 2 x > 2 

x 

y 

2 3 4 

1 

2 

3 

4 

−1 −2  
−1 

−2 

−3 

−4 

−5 

5 

6 

7 

8 

5 6 1 

ℓ:2x − y = 3 

Plot the points (0, −3) 

and (2, 1) on ℓ 

x 

y 

2 3 4 

1 

2 

3 

4 

−1 −2  
−1 

−2 

−3 

−4 

−5 

5 

6 

7 

8 

5 6 1 

Upper half 

plane 

2x − y < 3 

x 

y 

2 3 4 

1 

2 

3 

4 

−1 −2  
−1 

−2 

−3 

−4 

−5 

5 

6 

7 

8 

5 6 1 

2x − y ≥ 3 

Lower half plane 
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  AACCTTIIVVIITTYY  1100..22  

Draw the graph of each of the following inequalities:     

a     x  ≥ 0  b  y < –1  c  y ≥ 3x 

d     x > 2y  e  4x + y ≥ 1  f  –x + 3y < 2 

A system of linear inequalities is a collection of two or more linear inequalities to be 

solved simultaneously. A graphical solution of a system of linear inequalities is the 

graph of all ordered pairs (x, y) that satisfy all the inequalities.  Such a graph is called 

the solution region (or feasible region).  

Example 3 Find a graphical solution to the system of linear inequalities. 

    
3

2 0

x y

x y

+ ≥ 


− ≥ 
 

Solution First draw the lines x + y = 3 and 2x – y = 0 by plotting two points for 

each line. Then shade the regions for the two inequalities. 

The solution region is the intersection of the two regions. To find the point of 

intersection of the two lines, solve  

3

2 0

x y

x y

+ = 


− = 
 simultaneously, to get the point (1, 2). 

  

Figure 10.5       Figure 10.6  

Example 4 Draw the solution region of the system of linear inequalities. 

2 4

2 4

y x

x y

− ≤ 


+ ≥ 
 

x 

y 

2 3 4 

1 

2 

3 

4 

−1 −2 −3 −4 
−1 

−2 

−3 

5 

 

5 6  1 

2x − y = 0 

(1, 2) 

x + y = 3 Solution 

region 

x 

y 

2 3 4 

1 

2 

3 

4 

−1 −2 −3 −4 
−1 

−2 

−3 

5 

 

5 6  1 

2x + y = 4 

y − 2x = 4 
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Solution Draw the two lines ℓ1: y – 2x = 4 and ℓ2: 2x + y = 4 and identify their 

point of intersection P (0, 4). The solution region, which is the 

intersection of the two half planes, is shaded in Figure 10.6. 

Definition 10.1     

 A point of intersection of two or more boundary lines of a solution region is called a 

vertex (or a corner point) of the region. 

Example 5 Solve the following system of linear inequalities. 

2 22

13

2 5 50

0

0

x y

x y

x y

x

y

+ ≤ 


+ ≤ 
+ ≤ 


≥


≥ 

 

Solution The last two inequalities x ≥ 0 and y ≥ 0 are known as non-negative 

inequalities (or non-negative requirements). They indicate that the 

solution region is in the first quadrant of the plane.  

Draw the lines 

ℓ1 : 2x + y = 22, ℓ2 : x + y = 13 and ℓ3 : 2x + 5y = 50  

To determine the solution region test the point O (0, 0) which is not in any of 

these 3 lines, and find the intersection of all half planes to get the shaded region in 

Figure 10.7.     

 

Figure 10.7 

2x + y = 22 

x + y = 13 

x 

y 

15 

20 

10 

5 

 

25 

15 20 10 5  25 −5 

2x + 5y = 50 
(9, 4) 

(5, 8) 
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This solution region has five corner points. The vertices O (0, 0), P (0, 10) and    

Q (11, 0) can be easily determined. To find the other two vertices R and S solve 

simultaneously the following two pairs of equations:        

1

2

: 2 22

: 13

x y

x y

+ = 


+ = 

ℓ

ℓ
 and 2

3

: 13

: 2 5 50

x y

x y

+ = 


+ = 

ℓ

ℓ
 

to get S (9, 4)  to get R (5, 8) 

Observe that the point of intersection of ℓ1 and ℓ3 is not a corner point of the solution 

region. 

Definition 10.2       

A solution region of a system of linear inequalities is said to be bounded, if it can be 

enclosed by a rectangle, otherwise it is unbounded.  

Thus the solution region of Example 5 is bounded, while that of Example 4 is 

unbounded. 

Exercise 1Exercise 1Exercise 1Exercise 10000....2222    

Find a graphical solution for each of the following. 

a  x ≥ 0     b x – y ≤ 2  c x ≥ 0  d     x, y ≥ 0 

      y ≥ 0    x + y ≥ 2   y ≥ 0                  2x + 3y ≤ 60 

  2x + 3y ≤ 4  x + 2y ≤ 8   x + y ≥ 8          2x + y  ≤ 28 

        x ≤ 4    3x + 5y ≥ 30    4x + y ≤ 48  

10.3   MAXIMUM AND MINIMUM VALUES 

G r o u p  W o r k  1 0 . 1G r o u p  W o r k  1 0 . 1G r o u p  W o r k  1 0 . 1G r o u p  W o r k  1 0 . 1     
Find two positive numbers whose sum is at least 15 and whose 

difference is at most 7, such that their product is  

  a minimum     b maximum 

Many applications in business and economics involve a process called optimization, in 

which you are asked to find the maximum or minimum value of a quantity. In this 

section you will study an optimization strategy called linear programming. 
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Definition 10.3 

Suppose f is a function with domain I = { x a  ≤ x ≤ b} 

i   A number M = f (c) for some c in I is called the maximum value of f on I, if  

   M ≥ f (x) ,for all x in I. 

ii A number m = f (d) for some d in I is called the minimum value of f on I,  if  

   m ≤ f (x) ,for all x in I. 

iii  A value which is either a maximum or a minimum is called an optimum (or 

extremum) value of f on I. 

Many optimization problems involve maximizing or minimizing a linear function       

(the objective function) subject to one or more linear equations or inequalities 

(constraints). 

In this section, problems with only two variables are going to be considered since such 
problems can easily be solved by a graphical method. 

Example 1 Find the values of x and y which will maximize the value of the objective 

function 

Z = f (x, y) = 2x + 5y, subject to the linear constraints: 

     x ≥ 0 

     y ≥ 0 

            3x + 2y  ≤ 6 

           –2x + 4y ≤ 8 

Solution: First you sketch the graphical solution S of the given constraints using 

the methods of Section 10.2. 

This bounded region S is also called the region of feasible solution or feasible 

region. 

         Any point in the interior or on the boundary of S satisfies all the above constraints.  

Next you find a point (x, y) of the feasible region that gives the maximum value of 

the objective function Z. Let's first draw some lines which represent the objective 
function for values of Z = 0, 5, 10 and 15; i.e., the lines  

  2x + 5y = 0   2x + 5y = 10 

  2x + 5y = 5   2x + 5y = 15 
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Figure 10.8 

From Figure 10.8 you can observe that as the value of Z increases, the lines are 

moving upwards and the line for Z = 15 is outside the feasible region. The 

maximum possible value of Z will be obtained if we draw a line between Z = 10 

and Z = 15 parallel to them that just "touches" the feasible region. 

This occurs at the vertex (corner point) P which is the point of intersection of the lines  

   
3 2 6

2 4 8

x y

x y

+ = 


− + = 
 ⇒  x = 

1

2
  and  y = 

9

4
 

The value of Z at this point is  

  Z = 2x + 5y = 2 
1 9 49 1

 + 5  =  = 12
2 4 4 4

   
   
   

 

Thus the maximum value of Z under the given conditions is Z =
1

12
4

. 

As a generalization of this example, we state the following: 

Fundamental theorem of linear programming 

Theorem 10.1  

If the feasible region of a linear programming problem is non-empty and bounded, 

then the objective function attains both a maximum and a minimum value and those 

occur at corner points of the feasible region. If the feasible region is unbounded, 

then the objective function may or may not attain a maximum or minimum value; 

however, if it attains a maximum or minimum value, it does so at corner points.  

−2x+4y = 8  

1 2 3 4 

1 

2 

3 

4 

−1 −2 −3 −4 
−1 

−2 

−3 

−4 

−5 

 

x 

y 

5 

5 

Z=0 

Z=5 

Z=10 

Z=15 

3x + 2y = 6  

6 7 8 
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Steps to solve a linear programming problem by the graphical method 

1 Draw the graph of the feasible region. 

2 Compute the coordinates of the corner points. 

3 Substitute the coordinates of the corner points into the objective function to see 

which gives the optimal value. 

4 If the feasible region is unbounded, this method is misleading: optimal solutions 

always exist when the feasible region is bounded, but may or may not exist when 

it is unbounded.  

To apply this to Example 1, we find the vertex points (0, 0), (2, 0), 
1 9

,  
2 4

 
 
 

 and (0, 2) 

and test their values as shown in the following table. 

Vertex Point  Value of Z = 2x + 5y 

(0, 0) Z = 2(0) + 5 (0) = 0 

(2, 0) Z = 2 (2)+ 5 (0) = 4 

1 9
,  

2 4

 
 
 

 Z =
1 9 49

2  + 5  = 
2 4 4

   
   
   

 

(0, 2) Z = 2 (0) + 5 (2) = 10 

Comparing the values of Z, you get the maximum value of Z = 
49

4
 obtained at 

1 9
,  .

2 4

 
 
 

 

We also have the minimum value Z = 0 at (0, 0).  

Example 2 Solve the following linear programming problem. Find the maximum 

value of the objective function Z = 3x + 2y, subject to the following 

constraints: 

           x ≥ 0 

           y ≥ 0 

       x + 2y ≤ 4 

         x – y ≤ 1           

Solution: From the constraints you sketch the feasible region shown in Figure 10.9.  

The vertices of this region are (0, 0), (1, 0), (2, 1) and (0, 2). 
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Figure 10.9 

Their functional values at Z are given in the following table: 

Vertex Value of Z = 3x + 2y 

(0, 0) Z = 3 (0) + 2 (0) = 0 

(1, 0) Z = 3 (1) + 2 (0) = 3 

(2, 1) Z = 3 (2) + 2 (1) = 8 

(0, 2) Z = 3 (0) + 2 (2) = 4 

Thus, the maximum value of Z is 8, and occurs when x = 2 and y = 1. 

AACCTTIIVVIITTYY  1100..33  

1 In Example 2, take some points inside the region S and show 

that their corresponding values of Z are less than 8. 

2 Find the maximum and minimum values of  

 a Objective function:    b Objective function: 

  Z = 6x + 10y    Z = 4x + y 

  Subject to: x ≥ 0    Subject to:   x ≥ 0 

             y ≥ 0                 y ≥ 0 

   2x + 5y ≤ 10      x + 2y ≤ 40 

                      2x + 3y ≤ 72 

Example 3 Solve the following linear programming problem.  

Find the maximum value of Z = 4x + 6y subject to the following 

constraints: 

 

x 

y 

1 

2 

3 

4 

5 

−1 

−2 

−3 

1 2 3 4 5 −1 −2 −3  

x+2y=4  

x −  y = 1
(2, 1) 
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   x ≥ 0 

   y ≥ 0 

       –x + y ≤ 11 

        x + y ≤ 27 

        2x + 5y ≤ 90 

Solution The feasible region bounded by the 

constraints is shown in Figure 10.10. The 

vertices of the feasible region are (0, 0), 

(27, 0), (15, 12), (5, 16) and (0, 11).                                         

 
Figure 10.10 

Testing the objective function at the vertices gives 

Vertex Value of Z =2x + 4y 

(0, 0) Z = 4 (0) + 6 (0) = 0 

(27, 0) Z = 4 (27) + 6(0) = 108 

(15, 12) Z = 4 (15) + 6 (12) = 132 

(5, 16) Z = 4 (5) + 6 (16) = 116 

(0, 11) Z = 4 (0) + 6 (11) = 66 

Thus the maximum value of Z is 132 when x = 15 and y = 12. 

Example 4 Find values of x and y which minimize 

the value of the objective function  

Z = 2x + 4y, subject to:  x ≥ 0 

y ≥ 0 

x + 2y ≥ 10 

3x + y ≥ 10 

x + y = 27 
−x + y = 11 

x 

y 
30 

20 

10 

 
30 20 10  −10 

2x + 5y = 90 
(15, 12) 

(5, 16) 
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Solution:  From the given constraints the feasible region S is as shown in Figure 

10.11. 

 

Figure 10.11 

This region S is unbounded. The vertices are at (0, 10), (2, 4) and (10, 0) with 

values given below.    

Vertex Value of Z 

(0, 10) 2 (0) + 4 (10) = 40 

(2, 4) 2 (2) + 4 (4) = 20 

(10, 0) 2 (10) + 4(0) = 20 

Here vertices (2, 4) and (10, 0) give the minimum value Z = 20 so that the solution is 

not unique.  In fact every point on the line segment through (2, 4) and (10, 0) gives the 

same minimum value of Z = 20. 

From this example we can observe that  

i  an optimization problem can have infinite solutions. 

ii not all optimization problems have a solution, since the above problem does 

not have a maximum value for Z. 

Example 5   Find values of x and y that maximize  

Z = x +3y, subject to:  2x+3y ≤ 24 

x – y ≤ 7 

y ≤ 6 

x ≥ 0 

y ≥ 0 

x 

y 

4 6 8 

2 

4 

6 

8 

−2 −4 −6 −8 
−2 

−4 

10 

12 

14 

16 

10 12 −10  2 

x + 2y = 10 

3x + y = 10 

(2, 4) 
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Solution In Figure 10.12 we have drawn the feasible region of this problem. Since 

it is bounded, the maximum value of Z is attained at one of five extreme 

points.  The values of the objective function at the five extreme points are 

given in the following table. 

 

Figure 10.12 

Corner  point (x, y) 
Value of 

Z = x+ 3y 

(0,6) 18 

(3,6) 21 

(9,2) 15 

(7,0) 7 

(0,0) 0 

From this table the maximum value of Z is 21, which is attained at x = 3 and y = 6.  

Example 6  Find values of x and y that minimize  

Z = 2x – y, subject to:  2x + 3y = 12 

2x – 3y ≥ 0 

x, y ≥ 0 

Solution: In Figure 10.13, we have drawn the feasible region of this problem. 

Because one of the constraints is an equality constraint, the feasible 

region is a straight line segment with two extreme points. The values of Z 

at the two extreme points are given in the following table.  
  

x 

y 

4 6 8 

2 

4 

6 

8 

−2 −4 −6 
−2 

−4 

−6 

−8 

10 

12 

10 12 2 

2x + 3y = 24 

x − y = 7 

(3, 6) y = 6 

(9, 2) 
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Figure 10.13 

Extreme point (x, y) Value of Z=2x – y  

(3,2) 4 

(6,0) 12 

Thus the minimum value of Z = 2x – y is 4 a attained at (3, 2) 

Example 7  Maximize Z = 2x + 5y subject to:  2x + y ≥ 8 

–4x + y ≤ 2 

2x – 3y ≤ 0 

x, y ≥ 0 

Solution: The feasible region is illustrated in Figure 10.14. Since it is unbounded, we 

are not assured by Theorem 10.1 that the objective function attains a maximum value. 

In fact, it is easily seen that since the feasible region contains points for which both x 

and y are arbitrarily large and positive, the objective function can be made arbitrarily 

large and positive. This problem has no optimal solution. Instead, we say the problem 

has an unbounded solution. 

 

Figure 10.14 

1 2 3 4 5 

1 

2 

3 

4 

5 

−1 2 
−1 

−2 

x 

y 

6 

(6, 0) 
• 
 

(3, 2) 
• 

 

2x − 3y = 0 

2x + 3y = 12 

x 

y 

2 3 4 

1 

2 

3 

4 

−1 −2 −3 −4 
−1 

−2 

−3 

−4 

5 

6 

7 

8 

5 6 −5 −6 1 

−4x + y = 2 

2x + y = 8 

2x − 3y = 0 

(3, 2) 

(1, 6) 



Mathematics Grade 11  

416 

Exercise 10.3Exercise 10.3Exercise 10.3Exercise 10.3    

Find the maximum and minimum values of      

a   Z = 2x + 3y,  b  Z = 2x + 3y ,  c    Z = 4x + 2y , 

  subject to: x ≥ 0   subject to: x ≥ 0    subject to : x ≥ 0 

  y ≥ 0     y ≥ 0      y ≥ 0 

   2y + x ≤ 16                      3x + 7y ≤ 42      x + 2y ≥ 4 

    x – y ≤ 10             x + 5y ≤ 22     3x + y ≥ 7 

            −x + 2y ≤ 7 

d Z = 4x + 5y   e Z = 4x + 3y   f Z = 3x + 4y 

  subject to:  x > 0     subject to:  x > 0    subject to:  x > 0 

   y > 0     y > 0     y > 0  

       2x + 2y ≤ 10           2x + 3y > 6    x + 2y < 14 

   x + 2y < 6    3x – 2y < 9      3x – y > 0 

      x + 5y < 20        x – y < 2  

10.4  REAL LIFE LINEAR PROGRAMMING 

PROBLEMS 

G r o u p  W o r k  1 0 . 2G r o u p  W o r k  1 0 . 2G r o u p  W o r k  1 0 . 2G r o u p  W o r k  1 0 . 2     
1 Consider a furniture shop that sells chairs and tables where 

the profit per chair is Birr 9 and the profit per table is Birr 7.  
a What is the profit from a sale of 6 chairs and 4 tables? 

b If the shop has sold x number of chairs and  y numbers of 

tables, what is the profit in terms of x and y? 

2 The number of fields a farmer plants with wheat is W and 

the number of fields with corn is C. The restrictions on the 
number of fields are that: 

a   there must be at least 2 fields of corn. 

b   there must be at least 2 fields of wheat. 

c   not more than 10 fields in total  are to be sown with wheat or corn. 

Construct three inequalities from the given information and sketch the region which 

satisfies the 3 inequalities. 
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In everyday life, we are often confronted with a need to allocate limited resources to 

best advantage. We may want to maximize an objective function (such as profit) or 

minimize (say, cost) under some restrictions (which we called constraints). 

Despite the apparently quite restrictive nature of the Linear Programming problem format 

there are many practical problems in industry, government and other organization which 

fall into this type. Below we give real life examples of simple linear Programming 

problems, each of which represents a classic type of Linear Programming problem. 

Example 1 A manufacturer wants to maximize the profit for two products.  Product I 

gives a profit of Birr 1.50 per kg, and product II gives a profit of Birr 

2.00 per kg. Market tests and available resources have indicated the 

following constraints.  

a The combined production level should not exceed 1200 kg per month. 

b The demand for product II is not more than half the demand for product I. 

c The production level of product I is less than or equal to 600 kg plus three 

times the production level of product II. 

Find the number of kg of each product that should be produced in a month to 

maximize profit. 

Solution: The first step in solving such real life Linear Programming problems is to 

assign variables to the numbers to be determined for a maximum (or a 

minimum) value of the objective function.  

Let x = the number of kg of product I, and   

y = the number of kg of product II 

These variables are usually called decision variables. 

The objective of the manufacturer is to decide how many units of each must be 

produced to maximize the objective function (profit) given by: 

 P = 1.5x + 2y 

The above three constraints can be translated into the following linear inequalities  

a x + y ≤ 1200    

b y ≤ 
1

2
x or −x + 2y ≤ 0 

c x  ≤ 3y + 600 or x – 3y ≤ 600 

Since neither x nor y can be negative, we have the additional non-negativity constraints 

of x ≥ 0 and y ≥ 0. The above information can now be transformed into the following 

linear programming problem. 
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Maximize  P = 1.5x + 2y 

Subject to   x ≥ 0 

    y ≥ 0 

         x + y ≤ 1200 

                  –x + 2y ≤ 0 

         x – 3y ≤ 600 

The constraints above have region of feasible solutions shown in Figure 10.15.  

 

Figure 10.15 

To solve the maximization problem geometrically, we first find the vertices by finding 

the points of intersection of the border lines of S, to get 

  O (0, 0), A (600, 0),  B (1050, 150) and C (800, 400) 

Then a solution can be obtained from the table below: 

Vertex Profit P = 1.5x + 2y 

O (0, 0) P = 1.5 (0) + 2(0) = 0 

A (600, 0) P = 1.5 (600)   + 2(0) = 900 

B (1050, 150) P = 1.5 (1050) + 2 (150) = 1875 

C (800, 400) P = 1.5 (800) + 2 (400) = 2000 

Thus the maximum profit is Birr 2000 and it occurs when the monthly production 

consists of 800 units of product I and 400 units of product II. 

(Observe that the minimum profit is Birr 0 which occurs at the vertex O (0, 0)). 

Example 2 A manufacturer of tents makes a standard model and an expedition model 

for national distribution. Each standard tent requires 1 labour-hour from 

 x + y = 1200 

 x – 3y = 600 

 –x + 2y = 0 

x 

y 

(1050, 150) 

(800, 400) 
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the cutting department and 3 labour-hours from the assembly department.  

Each expedition tent requires 2 labour-hours from cutting and 4 labour-

hours from assembly. The maximum labour-hours available per day in 

the cutting department and the assembly department are 32 and 84, 

respectively.  If the company makes a profit of Birr 50.00 on each 

standard tent and Birr 80 on each expedition tent, how many tents of each 

type should be manufactured each day to maximize the total daily profit? 

(Assume that all tents produced can be sold.) 

Solution:  The information given in the problem can be summarized in the 

following table.  

 Labour-hr per tent Max. Labour-hr  

per day  Standard Expedition 

Cutting dept 1 2 32 

Assembly dept 3 4 84 

Profit Birr 50 Birr 80  

Then we assign decision variables as follows: 

Let x = number of standard tents produced per day  

  y = number of expedition tents produced per day 

The objective of management is to decide how many of each tent should be 

produced each day in order to maximize profit P = 50x + 80y 

Both cutting and assembly departments have time constraints given by  

1×x  + 2×y ≤ 32 . . . . . . . . . . .cutting dept. constraint 

  3×x  + 4×y ≤ 84 . . . . . . . . . . . assembly dept. constraint  

where x ≥ 0 and y ≥ 0 . . . . . . . . . . . non-negative constraints 

The Linear Programming problem is then to maximize P = 50x + 80y, 

subject to: x + 2y ≤ 32 

           3x + 4y ≤ 84 

                 x, y ≥ 0 

To get a graphical solution, we have the feasible region S shown in Figure 10.16. 

The vertices are at (0, 0), (28, 0), (20, 6) and (0, 16). The maximum value of profit 

can be obtained from the following table.  
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Figure 10.16 

Vertex Value of P = 50x + 80y 

(0, 0) P = 50(0) + 80(0) = 0 

(28, 0) P = 50 (28) + 80 (0) = 1,400 

(20, 6) P = 50 (20) + 80 (6) = 1,480 

(0, 16) P = 50 (0) + 80 (16) = 1,280 

Thus the maximum profit of Birr 1,480 is attained at (20, 6); i.e. the manufacturer 

should produce 20 standard and 6 expedition tents each day to maximize profit. 

Example 3 A patient in a hospital is required to have at least 84 units of drug A and 

120 units of drug B each day.  Each gram of substance M contains 10 units 

of drug A and 8 units of drug B, and each gram of substance N contains 2 

units of drug A and 4 units of drug B. Suppose both substances M and N 

contain an undesirable drug C, 3 units per gram in M and 1 unit per gram 

in N. How many grams of each substance M and N should be mixed to 

meet the minimum daily requirements and at the same time minimize the 

intake of drug C?  How many units of drug C will be in this mixture? 

Solution Let us summarize the above information as: 

     Substance M Substance N Min-requirement 

Drug A 10 2 84 

Drug B 8 4 120 

Drug C 3 1  

Let x = number of grams of substance M used 

  y = number of grams of substance N used 

Our objective is to minimize drug C from 3x + y. 

The constraints are the minimum requirements of  

  10x + 2y  > 84 . . . . . . . . . from drug A 

and   8x  + 4y  >  120 . . . . . . . . from drug B 

x 

y 

10 15 20 

5 

10 

15 

20 

−2 −10 −15 −20 
−5 

25 

30 

25 30 −25 5 

3x + 4y = 84 

x + 2y = 32 

(20, 6) 



Unit 10 Introduction to Linear Programming 

421 

Since both M and N must be non negative x ≥ 0, y ≥ 0.   

Thus our optimization problem is to  

  Minimize    C = 3x + y, 

  subject to : 10x + 2y >  84 

     8x + 4y >120 

             x, y ≥ 0 

The sketch of the feasible region S is given in Figure 10.17.  

 

Figure 10.17 

To obtain the minimum value graphically, we use the table  

Vertex Value of C = 3x + y 

(0, 42) C = 3(0) + 42 = 42 
(4, 22) C = 3 (4) + 22 = 34 
(15, 0) C = 3(15) + 0 = 45 

The minimum intake of drug C is 34 units and it is attained at an intake of 4 grams of 
substance M and 22 grams of substance N.    

We can summarize the steps in solving real life optimization problems geometrically as 
follows. 

Step 1: Summarize the relevant information in the problem in table form. 

Step 2:  Form a mathematical model of the problem by introducing decision variables 

and expressing the objective function and the constraints using these variables. 

step 3:   Graph the feasible region and find the corner points. 

Step 4: Construct a table of the values of the objective function at each vertex.  

Step 5:  Determine the optimal value(s) from the table. 

Step 6:  Interpret the optimal solution(s) in terms of the original real life problem. 

10x + 2y =  84 8x + 4y = 120 

x 

y 

(4, 22) 
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Exercise 1Exercise 1Exercise 1Exercise 10000....4444    

Solve each of the following real life problems: 

  a A farmer has Birr 1,700 to buy sheep and goats. Suppose the unit price of 

sheep is Birr 300 and the unit price of goats is Birr 200. 

           i If he decided to buy only goats, what is the maximum number of goats 

he can buy? 

           ii If he has bought 2 sheep what is the maximum number of goats he can 

buy  with the remaining money? 

           iii Can the farmer buy 4 sheep and 3 goats? 2 sheep and 5 goats? 3 sheep 

and 4  goats? 

  b    A company produces two types of tables; Tables A and Table B.  It takes 2 

hours of cutting time and 4 hours of assembling to produce Table A. It takes 

10 hours of cutting time and 3 hours of assembling to produce Table B.  The 

company has at most 112 hours of cutting labour and 54 hours of assembly 

labour per week.  The company's profit is Birr 60 for each Table A produced 

and Birr 170 for each Table B produced.  How many of each type of table 

should the company produce in order to maximize profit? 

  c    The officers of a high school senior class are planning to rent buses and vans 

for a class trip. Each bus can transport 36 students, requires 4 supervisors and 

costs Birr 1000 to rent. Each van can transport 6 students, requires 1 

supervisor, and costs Birr150 to rent. The officers must plan to accommodate 

at least 420 students. Since only 48 parents have volunteered to serve as 

supervisors, the officers must plan to use at most 48 supervisors. How many 

vehicles of each type should the officers rent in order to minimize the 
transportation costs? What is the minimum transportation cost? 

 

 Key Terms 
 

 

bounded solution region minimum value 

constraints objective function 

decision variables optimal value 

equation of a line real life linear programming problems 

Fundamental theorem of 
linear programming 

slope of a line 

half planes solution region 

inclination of a line system of linear inequalities 

maximum value vertex (corner point) 
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 Summary 
 

 

1 The angle of inclination of a line L is the angle α measured from the x-axis to L 
in the counter clock wise direction.  

2 The slope of a line passing through P(x, y) and Q(x2, y2) is  

   m = tanα = 
–

.
–

2 1

1 2

2 1

y  y
, for x  x

x  x  
≠  

3 If a line has slope m and passes through P(x1, y1), the slope-point form of its 
equation is given by y – y1 = m(x – x1) 

4 An equation of a line can be reduced to the form ax + by = c. a, b, c ∈ ℝ  with  

     a ≠ 0  or b≠ 0.  

5 A line ℓ divides the plane into two half-planes.    

6 A system of linear inequalities is a collection of two or more linear inequalities 
to be solved simultaneously.  

7 A graphical solution is the collection of all points that satisfy the system of 
linear inequalities.  

8 A vertex (or corner point) of a solution region is a point of intersection of two 
or more boundary lines.  

9 A solution region is said to bounded, if it can be enclosed in a rectangle.  

10 A number M = f (c) for c in I is called the maximum value of f on I, if M ≥ f (x)  
for all x in I.  

11 A number m = f (d) for d in I is called the minimum value of f on I, if m ≤ f (x) 
for all x in I.  

12 A value which is either a maximum or a minimum value is called an optimal (or 
extremum) value.  

13 An optimization problem involves maximizing or minimizing an objective 

function subject to constraints.   

14 If an optimal value of an objective function exists, it will occur at one or more of 
the corner points of the feasible region.  

15 In solving real life linear programming problems, assign variables called decision 
variables.  

 Review Exercises on Unit 10 

1 Find the slope of the line  

 a  that passes through the points P(4,−1) and Q(0, 2)  

 b     that has angle of inclination α = 45o 
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 c     that is parallel to the line 2x – 4y = 6  

2 Draw the graphs of the lines ℓ1: y = 3x – 4 and ℓ2: x – 5y = 2 using the same 

coordinate axes.  

3 Find graphical solutions for each of the following systems of linear inequalities.  

 a    x – 5y ≤ 2     b  y + 2x ≥ 4  

            3x – y ≤ 4         y – 2x > 4  

       c    x ≥ 2     d    x ≥ 0 

  y ≥ 0                                        y ≥ 0 

      x + y ≤ 5      3x + 2y < 6  

4 Find the maximum and minimum values of the objective function subject to the 
given constraints.  

 a Objective function  Z = 3x + 2y,  b Object function Z = 2x + 3y,  

   subject to:   x ≥ 0       subject to:  x ≥ 0 

   y ≥ 0                             y ≥ 0 

                   x + 3y ≤ 15                      2x + y ≥ 100 

                       4x + y ≤ 16                x + 2y ≥ 80 

        c  Objective function Z = 10x + 7y  d Objective  function Z = 3x + 4y, 

subject to:  0 ≤ x ≤ 60     subject to:  x≥ 1,        

  0 ≤ y ≤ 45                                     y > 0  

                         5x + 6y ≤  420            3x – 4y < 12 

            x + 2y > 4    

5 Find the optimal solution of the following real life linear programming problems.  

  a    Ahadu company produces two models of radios. Model A requires 20 min 
of work on assembly line I and 10 min of work on assembly line II. Model 
B requires 10 min of work on assembly line I and 15 min of work on 
assembly line II. At most 22 hrs of assembly time on line I and 25 hrs of 
assembly time on line II are available per week. It is anticipated that Ahadu 
company will realize a profit of Birr 10 on model A and Birr 14 on model B. 
How many radios of each model should be produced per week in order to 
maximize Ahadu's profit? 

        b A farming cooperative mixes two brands of cattle feed. Brand X costs Birr 
25 per bag and contains 2 units of nutritional element A, 2 units of 
nutritional element B, and 2 units of element C. Brand Y costs Birr 20 per 
bag and contains 1 unit of nutritional element A, 9 units of element B, and 3 
units of element C. The minimum requirements of nutrients A, B and C are 
12, 36 and 24 units, respectively. Find the number of bags of each brand that 
should be mixed to produce a mixture having a minimum cost.     




